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It is generally believed that the ultrafast initial spectroscopic response from the molecules in the condensed phase
originates from small amplitude inertial motions within the cage formed by the nearest-neighbor solvent molecules
surrounding the probe, or the cage effect. However, no quantitative estimate of this dynamics has been available for the
currently popular experiments which measure the third-order off-resonant response. In this work, we fill this gap by a
microscopic approach and demonstrate that the cage dynamics alone can produce the initial rise in the subpicosecond (ca.
200 fs) range in the third-order response. A simple analytical expression for the initial Gaussian time constant relevant to
various kinds of the third-order off-resonant experiments is presented, which is found to be rather strongly dependent on
the temperature. Connection with the non-polar solvation dynamics is also discussed.

Many elementary chemical reactions of interest take place
in the condensed phase with extreme rapidity. Accordingly,
the ultrafast dynamics in the condensed phase has received
considerable attention. Recent advent of the ultrafast laser
technology has enabled us to probe such fast phenomena
directly in the time domain. Many novel experimental tech-
niques have been developed in recent years.! These include
various kinds of the third-order off-resonant spectroscopy?
[such as the optical Kerr effect (OKE)** and the impulsive
stimulated scattering (ISS)®], photon echo,” Raman echo,?
three-pulse photon-echo,”'® and also two-dimensional fifth-
order Raman spectroscopy.'' —'* The results of these experi-
ments have augmented our understanding of liquid dynamics,
although much remains to be understood.

These new results seem to suggest that there is a rather
universal ultrafast response from the molecules in the con-
densed phase irrespective of the spectroscopic method used
to probe. When no ultrafast rotational responses exist, this
phenomenon has been ascribed to the cage dynamics where a
solute performs a translational vibration in a collective poten-
tial well formed by surrounding molecules.* The collective
potential is also time dependent, making the understanding
of cage dynamics difficult. The role of cage dynamics in fric-
tion or in solvation dynamics has been discussed recently.’
However, the relation between currently popular third-order
off-resonant experiments and the cage dynamics has never
been explored at a molecular level. Here, we present a micro-
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scopic theory which allows the molecular-level description.
We shall demonstrate below that, at short times, the dynamics
can be determined primarily by the intermolecular potential
and the static radial distribution function g(r) of the system.
To test our theory, we performed molecular dynamics simu-
lations and compared the results with our theoretical results.

The third-order response reflects the dynamics of polar-
izability correlation. In this paper, we consider the case
of isotropic polarizability with keeping the first-order term
in the dipole-induced dipole (DID) expansion®'*~'¢ of the
polarizability.

To construct the theory, we combine three well-known
approximations: (1) the Gaussian decaying correlation, (2)
the lattice gas model, and (3) the Weeks—Chandler-Andersen
(WCA) scheme.

The first one is to extend the theory for a short time dy-
namics to a longer-time scale.!” Since our concern is in the
ultrafast dynamics, this may be a reasonable choice.

The second one is to include the cancellation effect, which
has been known in a slightly different context.'®!>'? Since the
polarizability correlation, which is related to the third-order
response, contains multiimore than two)-particle collision
effects, we encounter multi-particle distribution functions,
which are known to make significant contributions to cause
the cancellation. To deal with this problem for rather dense
liquids, which are the main interest of the recent experi-
ments, we employ the simplest approximation of the lattice
gas model,”" which we introduce below.

The third one, WCA,?' is to calculate the pair distribution
function g(r) for a Lennard—Jones (LJ) liquid. Only from the
above two approximations, we can propose the expression
for the third-order optical response [see Eq. 29 with Eq. 27},
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which includes no more multi-particle distribution functions
but a pair distribution function g(r). For the demonstration
of our theory, however, we shall employ the LJ potential
for argon. To have a g(r) which is reasonably precise for the
present purpose from a simple calculation, we employ WCA,
although there now exist better approximations of liquid state
structure.

A motivation of the present work has been to understand
the time scales involved in the decay of the polarization time-
correlation function originating from purely translational
motions. In the non-polar solvation dynamics (NPSD), trans-
lational motions should again play a dominant role, while,
in the polar solvation dynamics, the main contribution is
made by the rotational motions of the solvent molecules.® In
this respect, NPSD and third-order off-resonant spectroscopy
probe fundamentally the same dynamical process. There is,
however, also a large difference between NPSD and third-
order off-resonant response. While both probe collective re-
sponse from many molecules, the latter involves a dynamical
quantity which decreases slower with distance (as 1/r*) of the
probe from the solvent molecules, as opposed to at least 1/r°
in the case of NPSD. In other words, the NPSD probes more
local structural dynamics (mostly the solvation dynamics in
the first shell region) than in the present case. The present
study seems to indicate that although the two relaxations oc-
cur with basically the same time scale, NPSD is somewhat
faster for argon-like liquids. This seems reasonable, since
the third-order response involves the collective dynamics of
more global structural origin.

To test the relevance of our theory thus constructed, we
performed the molecular-dynamics (MD) simulation. We
pay special attention to obtaining the correct normalization
of the third-order response to offer severer tests on our theory,
as we see below.

I. Simple Theory for the Cage Dynamics

In the present study, we consider an N-particle classical
three-dimensional system subject to the pair potential the
v(r, r"), whose Hamiltonian is given by

N, N - al Ipi|2 1 7 o
Hy (p":q") =35 +25 v (44). (N
i=1 i

2m

where v(g;, ¢;) is symmetric under the interchange of posi-
tion variables, g;, and the prime for the summation implies
that the self interaction, or the (i,i) terms, are removed from
the summation. Here, p" = (p|,---, py) and ¢" = (q1,- -, qn),
while |---| denotes the absolute value. Although our formal-
ism is quite general, we shall employ the LJ potential for
argon, v(¢;, 4;,)=v.i(|g; —¢;|), in the numerical calculations,

where
v (r) = de [(%) s (‘:)1 .

Here, 0 =3.405 A and ¢/kg = 119.8 K, where kg is the
Boltzmann’s constant. The mass of argon employed below
is m=6.63x10"% kg.

When constructing theory, we use the canonical ensemble
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where the phase space averaging is given by

(0 0") = g [ [ 0r (o) e 96,
(2)

where the partition function Z is given by

2= s [ @ o' P,

Here, £ is the inverse temperature, i.e., § = 1/(kgT), where
T is temperature.

A. Gaussian Approximation for Longer-Time Behav-
for. The observable in any kind of third-order off-resonant
experiments is given by a linear combination of some polar-
ization components of the third-order response function and,
in the classical limit, a component is given by""?

O —
R(;})»ﬂv(t) == H(I)ﬁ E C%&yv(t)~ (3)

where 6(f) is the Heaviside’s step function. This relation
can be obtained from the corresponding quantum expression
by replacing the commutator with the Poisson bracket and
by using the explicit form of the canonical distribution, i.e.,

e=Pine" )17 We have introduced the correlation function
of the polarizability defined as

Crar () = (T (DT (0)),

where the average is the classical phase space averaging in
the canonical ensemble defined in Eq. 2. Here, the Greek
indices denotes the direction in the laboratory frame. In this
study, the time-dependent total polarizability is considered up
to the dipole-induced dipole term, namely, the macroscopic

polarizability is approximated by**'¢
v (8) = TIY (1) + Ty (1), )
with
Gy 0 =>_af" ),
Iy (=3""3" a* T, @)e] " @), ®)

iooxA

where the prime implies, as in Eq. 1, that the terms in which
any pair of the summed indices (ij) coincides are excluded
from the sum. Here, each molecule is indexed by i or j and
the distance vector between the molecules i and j at the time
tis denoted as ¢;(1) = q:(t) —q;(t). The matrix T}, (r) is given
by

rury

1 .
Ty = 7 (3745 = 0w ). (©)

where r, is the g-component of the vector r, and r is its
magnitude. Here, we have introduced the Kronecker delta
by Oy

Since the cage effect is due to the collective hindered trans-
lational motion in a collective potential, essential features
should emerge from a classical molecular liquid system with
an isotropic polarizability and the result in the isotropic case
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should give a qualitative estimate for the general anisotropic
case.

In the case of isotropic polarizability, the polarizability of
a molecule in the laboratory frame, a,-”v(t), is diagonal (in
the indices u,v), and does not depend on time. In addition,
we assume below that it is the same for all the molecules,
i.e., /(1) = a. Thus, the total polarizability in the present
study is given by Eq. 4 with

() =Na’ Suv., ()

My =a > Tuv(gs(1), ®)
ij
where N is the number of molecules in the system.

Since our aim is to calculate the response function given in
Eq. 3, which is the time derivative of the correlation function
C(1), we are interested in the time-dependent part of C(). In
the case of isotropic polarizability, the time-dependent part
is given by

Crupr (1) = (T (DT (0)

=a Z Z T, (qi())Tuv(gu(0))),
i

since the other terms are time independent.® It follows that
R® is formed by [T™" only, which represents the hindered
translational motion. This implies that the third-order re-
sponse from the liquid system with the isotropic polarizabil-
ity is mostly from the hindered translational motion. This
expression, proportional to a*, suggests that even in the sys-
tem with the isotropic polarizability we may have the bire-
fringence response: the OKE response does not necessarily
correspond to the relaxation of the anisotropic polarizability.

In the present case of a uniform, isotropic system, we can
show,”*

}ti,u v

(T (NTur(r)) = D ATap()Tpo(r")).

p.0

where Ay = O Opy+ Oy 03y —(2/3) 8,4 8y In addition,
introducing the auxiliary function,

Firr') = (—,); [(‘ FY - —} )

where 7 and 7 are the unit vectors defined as 7" =r!"/r",
we can show

Z TV/t(r)T/IV(rI) =9F (r,r') .

uv

Using these relations, we have

Coggr(D) = EAM/JV atcw,

where

Cw=>_">""(F(gs0,qu(0)), (10)

ikl
Accordingly, we have

R

9
;M/w([) T Q(t)A}tA;tva4R(f)- (1
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where P
R(H = —/))EC(I).
From Eq. 11, we see that the time dependence of any kind of
the third-order response is independent of the polarizations of
the applied fields in the system with the isotropic polarizabil-
ity, except for a constant factor. Thus, in the following, we
mainly discuss C(r) and R(?) instead of C,,,,, () and R(}X!W(t)
Since our principal concern lines in the fast dynamics, we
expand the correlation function C(¢) in terms of time ¢ (up
to the second order), which should be an even function of ¢
due to the stationary property. This means that there is no
expansion term proportional to t for a system with a con-
tinuous potential. In order to obtain a reasonable longer-
time behavior from the short-time expansion, we simply ex-
ponentiate to have a Gaussian decaying correlation. This
approximation has been known to work well numerically."”
(A general reason for this observation is given by the idea
of the stochastic frequency modulation.”®) Accordingly, as-
suming the continuous potential, we need the expansion of
the C(¢) in the form,

2 9PCw)
2 or

Cry=C(O)+ (12)

=0

and then C(f) in the Gaussian approximation is given by

" C :
CGuuss(t) = % =¢eXp <_%> 5

- (13)
C(0)

B. Lattice Gas Approximation for Three- and Four-
Particle Contributions. For later convenience, we divide
the correlation function into the two-, three-, and four-particle
terms:

where

C(t) =2C% (1) +4CP )+ C¥ (),

where
c?= Z
= Z

ij.k

=3¢

ikl

F(gi(n).q40)), (14)
q!j(t) qu(o)) >

qu(t) qk[(o)) >

Here, the prime indicates that the terms in which any pair of
the summed indices coincides are removed from the summa-
tion. For example, in the case of Zf ko the terms for i =,
i =k, or j = k are all excluded from the sum.

Our concern here is to obtain these functions at r =0 and
the second time-derivatives of them at =0, i.e., C"?(0) and
C™(0) [see Eq. 13]. Introducing the n-th order distribution
function by

g i)

:% Z/ ((5(1‘1

iy

_lIi|)(S("2—‘Ii2) -0(gn—qi, >

where p is the number density of the system, we obtain
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20y = o / dr, / drag®(r1, r)F (r12,112), (15)

coy=yp’ / dry / dr / dragV (e, 12, r3)F (ri2,m13), (16)

C{“(O)=p4/drl/drz/dr3/dr4g(4)(r|,rz,rg,r4)F(r|2,r34),
a7

with r; =r;—r;. In the canonical ensemble, as shown in
Appendix A, we have

@0 =2 2L [ar, [ arg®n st as)
m

CB)(O)=—PB—kBT/dl‘l/drz/d738(3)("1Jzﬂ'x)Fz(rlz,"l}), (19)
m

Y0y =0. (20)

When the molecular system is at a high density py (=1/vg)
where vy is the volume occupied per molecule, it is nearly ex-
act to assume that, by descretizing the coordinate space with
a lattice constant v(l)/ 3 all sites are occupied by a molecule
with no doubly occupied sites (Assumption I). In this case,
the probability that » particles are found at ry, ry,---, r,, re-
spectively, i.e., p"g™(ry, ra,---, r,), should be 1 if ry, ra,---,
r, are all different; otherwise p"g"(ry, r5,---, r,) is zero.

When the system is at a lower density p, we assume that
the double occupancy of a site is forbidden and all the other
configurations are equally probable (Assumption II). In this
case, since the probability for a site to be occupied is p/po,
o"g"(ry, ra,---, r,) should be (p/py)* if ry, rp,---, 1, are
all different; otherwise p"g"(ry, ry,+-, r,) is zero. Thus,
Eqgs. 15, 16, and 17 may be approximated by

(0= (p/po) Z(l 8, )F (ryors) ,

V0= (p/po)’ 2(1 — S )1 = 8, (1 — 8, F (ri,ra)
ik

V0= (p/po)* D1 = &)1 = Srr )1 = Oriry)
ikl

x(1— (Srj.rk)(l - 5(,1,)(1 - (Srk,r,)F(rlj7rkl) .

Here and hereafter, the hat implies that the quantity is evalu-
ated with this approximation. From the inversion symmetry
of the lattice, we have the relation

> A= &,)F (ryj,ru) =0,
where i #], k, and [. Note here that the function F(r, r’) is an

odd function of r or r’. This relation enables us to reduce the
three- and the four-particle contributions, namely, we have

C3(0) = —p/ poCP(0) and CP(0) = 2(p/ po)* C®(0). In this
way, we obtain the total contributions in the approximation:
C0)=2(1 - p/po)* €2 (0), @1
o~ 2.(2)
C0) =2(1 - p/po)C (0). (22)

In the present work, we assume that these expressions hold
approximately, even if the system is away from the ideal
lattice gas (Assumption III); the relaxation time is given by
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2 21— p/po)CP0)
TT=— __W (23)
It should be noted here that C?(0) and C®(0) are not those
for the ideal lattice gas but those for the liquid at the density
p.

In this approximation, we have employed three assump-
tions as discussed above. The first assumption concerns the
existence of a reference density pg. The second assumption
is a very simplified liquid structure. The last one is that we
invoke the relation, which holds in the ideal lattice gas, even
in liquids. Although this model is known to describe the
essential features of the multi-particle collision, there is no
clear way to determine py. At the zero temperature, it is
reasonable to assume that pq is the close-packed density. In
general, po should be regarded as a fitting parameter.

C. Evaluation of the Two-Particle Contribution by
Theory of Simple Liquids. If we use the relation

21

Frr) =3, (24)
which is seen from Eq. 9, Eq. 15 can be reduced to
) = pN / dr g(’) (25)
where
g(r —r) =%, r).

If we use the relation, Fa(r,r) = 10/r8, which is shown in
Appendix B, Eq. 18 can be reduced to

¢P(0) = —SOJ[kaBTT / dr%gl, (26)

Substituting Egs. 25 and 26 into Eq. 23, we obtain the
relaxation time,

m fdrg(r)/

15kgT [drg(r)/r6 "~ @7

2 =(1—p/po) e
This expression has been known in a more specific context
(for example, Ref. 35). In the present paper, we show that
this expression is quite generally applicable to the currently
popular third-order off-resonant experiments for the system
with the isotropic polarizability. The normalized third-order
response function defined by

a Cw®
R'()=— 50 (28)
is expressed as
Riaon() = 25 exp (—%) (29)

in the Gaussian decaying approximation. Here, 7 is given in
Eq. 27, or, in a dimensionless form, by

1 fdr” g(Ur)/|r |

=(- o)—
(7")=(1=p"/ T argton /i

(30)

where t* =t/ 7, 7" =7/ w, r* =r/ 0, pp, =p)/0°, and T* =
kT/e. Here, the unit of the time scale has been introduced
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as

[mo?
n= E 3h

It should be noted that Egs. 27, 28, 29, and 30 are not re-
stricted to the LJ system, if we regard ¢ and ¢ as the charac-
teristic range and energy of the potential, respectively.

The rough estimate of the decay time should be given by
Ty in the above expression. If we assume the LJ potential for
argon, the characteristic decay time 7 is given by

7 =556.8 fs. (32)

To obtain the decay time 7 quantitatively, we consider a
molecular system governed by the LJ potential for argon.
Here, the radial distribution function g(r) for the LJ sys-
tem is calculated by the Weeks—Chandler~Andersen (WCA)
approximation:?' the LJ system is once mapped to a hard
sphere system with the effective hard-sphere diameter by
the WCA scheme, and then g(r) is calculated for the hard-
sphere system from the Percus—Yevick (PY) exact solution,'”
which is finally transformed to the approximate g(r) for the
LJ system. The approximate g(r) is used for the numerical
integration by the Simpson rule to obtain 7. The numerical
results are compared with molecular dynamics (MD) simu-
lations in Section III.

I1. Molecular Dynamics Simulation

To test our theory, we obtain experimental results from
molecular dynamics (MD) simulations. The velocity-Verlet
algorithm?® is used for the numerical integration and the pe-
riodic boundary condition is implemented via the minimum
image convention with the potential truncated at half the box
length. We performed 4N-step MD calculation to obtain
positions and velocities of the last N steps; (1) For the first
N steps, we start from a randomly deviated fcc lattice and
melt it by the velocity scaling with keeping the total momen-
tum of the system to be zero in order to attain the desired
temperature. (2) For the second N steps, we start from the
final configuration of the previous run and scaled the ve-
locity every two steps as before to keep the temperature.
(3) For the third run, we started from the final configura-
tion of the previous run while we do not make the velocity
scaling (microcanonical MD). (4) The phase space dynam-
ics obtained from the final run (without the velocity scaling)
starting from the final configuration of the third run is used
to calculate statistical quantities.

To calculate the polarizability correlation function, we
avoid the numerical differentiation. Instead, we evaluate the
analytically differentiated expressions (given in Appendix C)
directly. To obtain the correct normalization, we calculate
C(1) given in Eq. C1 and its time derivative given in Eq. C2
at the same time from the last N-step MD data. Since the po-
larizability is a two-particle quantity decaying as 1/r3 where
rij is the distance between the two particles, some truncation
of taking particle pairs is required. To deal with this, we em-
ployed the periodic boundary condition with the minimum
image convention (just as the one used for the truncation of
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LJ force).

As clarified in the previous sections, our theory is con-
structed in the canonical ensemble while the molecular dy-
namics simulation we performed is the microcanonical one.
To justify that we can use the microcanonical MD results
to test our theory, we prepared Appendix D, where some
novel results for higher order correlation function are also
presented.

The calculated polarizability correlation function shows
rather strong system-size dependence. To emphasize this we
compared the system size (and time-step) dependence of (the
time-derivative of) the polarizability correlation function in
Fig. 1. This dependence is in contrast with the case of
velocity auto-correlation function; we have checked that the
MD results of the velocity correlation for 0.0—0.5 ps do
not show any significant differences except for the first case
(N =32, 2000 steps). Based on this result, we can conclude
that the system size with more than 256 particles is enough
to produce significant results at least near the triple point.
However, we show below, for all the other cases, the MD
results for 256- and 500-particle systems with N = 2000,
where a single MD step is 0.02 ps, to explicitly show the
validity of our MD results at each point in the phase diagram.

Rather strong system-size dependence of the third-order
response might be a manifestation of the collective nature of
the response. In other words, it is because the calculation of
two-particle contributions, which is necessary for the third-
order response but not for the velocity correlation, requires
the truncation for taking particle pairs for the quantity decay-
ing as the inverse inter-particle distance cubed. Note here that
this decay is slower than the case of the potential truncation
since the potential decays as the inverse distance to the sixth.
It will be interesting to study the system-size dependence of
MD results also for non-polar solvation dynamics.

ar
. N=32, 2000 steps, T=1.31
aby N=32, 20000steps, T=1.29
Bvyg B ; I, N=108, 2000 steps, T=1.35
DU P 2% < N=108, 20000 steps, T=1.36
i ' 74 N=256, 2000 steps, T=1.30
& v it ~ N=256, 20000 steps, T=1.27
= 21 # % v N=500, 20000 steps, T=1.28
= s 9,
3 "
L8 L
1% B
o b— L ‘ . .
0.0 0.1 0.2 03 0.4 05
time/ps
Fig. 1. Dependence on the system size and on the MD-step

number of the response function near the triple point. The
system size and the MD-step number are specified in the
figure with temperature, by the number of the particle in
the simulated system and by N (see the text for the detail),
respectively. In all the cases the single MD time step is
set to 0.02 ps. We see that the response function, which
is the first time-derivative of the polarizability correlation
function, shows rather strong system size dependence.
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. Numerical Results:
Theory and MD Results

Comparison between Our

We consider the nine points in the phase diagram as shown
inFig. 2 and also in Table 1, in order to study the relevance of
our theory within a broad region of dense fluid in the phase
diagram. The solid lines are from Ref. 27 (see also Ref. 28
for resent results for the phase diagram of LJ-argon). We
note here that only the four points, denoted as ML (middle
-density and low temperature), LM, MM, and HM, are in the
pure liquid region, while the three points, LH, MH, and HH,
are in the dense supercritical region where the liquid theory
is believed to apply well. The points LL and HL are in the
phase in which the system may be separated into two states,
i.e., liquids and gas and solid and liquid, respectively.

The result of the molecular simulations at low, medium,
and high densities are given in Figs. 3, 4, and 5, respectively.
In addition to the simulation results at the specified thermo-
dynamic-state points for 500-particle system, we also show
the MD results near the specified points for 256-particle sys-

257
22t
+
o 19 r F
E ,
g 6F .
e * critical point
]
e
- 13
L]
o
g
o 10
07}
triple point
04 e . . L
0.0 0.2 0.4 0.6 0.8 1.0 1.2
reduced density p*
Fig. 2. Phase diagram of the LJ system with the argon pa-

rameter. The nine black diamonds indicate the points where
we performed calculations. It covers a broad range of dense
fluid.

Table 1.
Calculation
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tem, in order to give a rough estimate of the precision of
our calculations, as mentioned before. Overall, it seems that
three digits of our results are significant except for the point
HL.: At this point, thermal equilibrium is not attained within
the MD step number. Thus, we exclude this point from our
discussion in the following. At the point LL the system
should be in the liquid—gas coexistence phase (see Fig. 1). In
our simulation, however, the behavior of the response func-
tion at this point LL seems fairly consistent with results at
other thermodynamic-state points and we include this point
in the following discussion, although there are some supports
for the phase separation (a slightly inconsistent behavior at a
time longer than 0.3 ps and a negative pressure).

As discussed in Section I-B, the parameter py should be
considered as a fitting parameter. In some previous papers,
it is assumed to be the parameter determined by temperature
but not by density. However, in this paper, we treat it as a
mere parameter from the reason clear from our discussion in
Section I-B. In the following, we present results by two ways
of fitting; (1) maximum time fitting and (2) maximum height
fitting. (The theoretical line by the maximum time fitting is

56, T=0.673
00, T=0.694
56, T=1.26
00, T=1.27
56, T=2.05
00, T=2.06
0.694

1.27

2.06

[

-

—

fed
anpahN N

[T R

s

»
AH4H4Z2Z2Z22Z2Z22

nunon

0“ . . L . L e .
0.0 0.1 0.2 0.3 0.4 0.5
time/ps
Fig. 3. Comparison between the results from MD simula-

tion and our theory at low density (p = 0.75). The lines
and points are from the theory with maximum time fitting
and MD simulation, respectively. The system sizes and
temperatures are specified for MD.

The Reference Density pg , Relaxation Time 7, and the Scale Factor ¢ at Each Thermodynamic State Points of Our

(1) and (2) refer to the maximum time fitting and maximum height fitting, respectively.

*

Label p T Mg Q) pi (1) Tw/ps (2) Tw/ps g
LL 0.75 0.694 0.822 1.05 0.237 0.427 0.556
LM 0.75 1.27 0.836 1.02 0.186 0.298 0.629
LH 0.75 2.06 0.855 1.04 0.157 0.236 0.671
ML 0.844 0.714 0.911 1.10 0.210 0.374 0.565
MM 0.844 1.28 0.927 111 0.171 0.278 0.617
MH 0.844 2.00 0.937 1.14 0.143 0.229 0.629
HL 0.95 0.708 — — — — —
HM 0.95 1.29 1.02 1.25 0.146 0.273 0.543
HH 0.95 2.05 1.04 1.25 0.128 0.213 0.604
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N=256, T=0.725
 N=500, T=0.714
i N=256, T=1.27

» N=500, T=1.28
N=256, T=1.99
N N=500, T=2.00
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Fig. 4. Comparison between the MD-simulation results and
our simple theory at medium density (p = 0.844).

61 " N=256, T=0.697
= N=500, T=0.708
57 = N=256, T=1.33
o> N=500, T=1.29
N=256, T=1.99
N=500, T=2.05
— T=129
T=2.05
5 " ‘\ 2] SA g )
145 \Q _
0 . L i S S N
0.0 0.1 0.2 0.3 0.4 0.5
time/ps
Fig. 5.  Comparison between the MD-simulation results and

our simple theory at high density (p = 0.95).

shown in Figs. 3, 4, and 5 with those on MD. In Table 1,
results obtained by both ways of fitting are summarized.)

In the maximum time fitting, we optimized the parameter
po S0 that the peak delay time of the theoretical line given by
Eq. 29 coincides with that of MD line; the decay time 7 in
Eq. 29 is calculated from Eq. 27 by using the optimized value
of py. The theoretical lines thus obtained are superposed on
those of MD in Figs. 3, 4, and 5. Note that the theoretical
curves are scaled by the scale factor ¢ (see below) in order to
show how the maximum time fitting works well for the short
dynamics. At the longer time scale, however, our theoreti-
cal results deviate from the MD results rather significantly,
which is anticipated since we employed the Gaussian short-
time approximation.

In the maximum height fitting, we adjusted the parameter
po so that the peak height of the theory agrees with that of
MD. With this maximum height fitting, we are not free to
adjust the time scale of initial rises, since the peak height is
properly normalized in both MD and theory; the decay time
7 is calculated from Eq. 27 by using the adjusted value of py.

The values of the reference density pg, the decay time
7, and the scale factor ¢ obtained by the maximum time
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fitting are given in Table 1, together with those obtained by
the maximum height fitting. We see that p, takes about the
same value at the same density, especially in the maximum
height fitting; py seems to be a density-dependent parameter,
rather than a temperature-dependent one. We see that the
decay time obtained by the maximum height fitting, which
is inadjustable in the above sense, reflects that by MD (or
that by the maximum time fitting) fairly well. Especially,
temperature dependence of the decay time is well reproduced
(see Fig. 6).

This figure demonstrates the validity of the approximate

relation,

T T2,
The reasons for the emergence of this simple law from our
theory are as follows: (1) the last factorin Eq. 27 is dependent
on temperature only weakly. (2) pg is a density-dependent
parameter, rather than a temperature-dependent one.

The first reason, which is in turn supported by Fig. 6, leads
to an important physical picture of the collision-induced cage
dynamics. The temperature insensitivity of the last factor in
Eq. 27 indicates that this factor is also insensitive to the LJ-
energy parameter £, since g(r) contains temperature always
as in the combination form fe, as is clear from the definition

of g(r). Then, from Eq. 27, we expect the approximate
relation
mo?

This time scale corresponds to the collision time for par-
ticles separated by the LIJ-distance parameter o at the

—O py=075
S A py=0844

O\ - py = 0.95
A\\\\ --------- ref. line
-1 o \\ @& py=075
\\\ AN -&—  p,=0.844
“ —8—  p,=095
o
[ é\\\
5 . \:\@

.\\\ \\\‘
-2 e
LnT

Fig. 6. Simple relation between the decay time and temper-
ature. The reference line is the one with which the line
connecting the MD data at each density should be parallel if
the relation 7—1/+/7 holds. Open and solid symbols refer to
the maximum height fitting and the maximum time fitting,
respectively.
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Maxwell-Boltzmann’s velocity at the temperature 7. Since
we are concerned with dense liquids, we conclude that the
present cage dynamics are dominated by the collective mo-
tion associated with collisions.

On the contrary, if it were the case where the approximate
relation

T T—Ti, (34)

£

holds, which is another fundamental time scale we can think
of from the parameters of our theory, the dynamics would
be dominated by the collective motion associated with the
harmonic bound to other particles. Note here that the above
time scale corresponds to the vibrational period for a particle
of the mass m with the energy £. However, Fig. 6 suggests
that the present cage dynamics is mainly of collisional origin,
which seems in contrast with the NPSD.

It should be noted here that the above statements do not
contradict with the successful results by the normal mode
analysis.'” The harmonics or normal mode in the analysis
are collective and are not directly related to the harmonic
approximation of the two-body LJ potential. The physical
origin of the dominant collective harmonic modes can be
collisions.

At a fixed density the decay time may decrease with tem-
perature increase, while at a fixed temperature it may de-
crease with density increase. This is because at higher tem-
peratures the coherence is lost faster, while at higher densities
the frequency of the cage is higher. This fact is reflected in
our theoretical results.

IV. Discussion

We have demonstrated here that, in the third-order re-
sponse, the cage dynamics is reflected in the initial rise usu-
ally observed in the subpicosecond range. Our approach
is simple and transparent and, at the same time, provides a
molecular-level description which is missing in the Brownian
oscillator model." For example, our relaxation time 7 de-
pends significantly on temperature and density, which can be
calculated explicitly starting from the knowledge of the inter-
molecular potential v(r). This dipole-induced dipole mecha-
nism of the cage dynamics is expected to be very general and
inherent in most of the ultrafast responses, though we did
not include the orientation effect (for anisotropic molecules)
explicitly and we discussed only in the context of the third-
order experiment.

The orientational relaxation can be taken into account by
the molecular hydrodynamic approach,” and other spectro-
scopic observables, including the fifth-order 2D Raman re-
sponse, may be treated in a similar manner to the present
treatment if we start from the response function formalism.'
For example, the ultrafast component observed by Joo et al.®
may be understood from the nonpolar solvation dynamics***’
which can be addressed through the approach presented here.
In this case, a heavy probe molecule (1) is surrounded by the
solvent molecules (2), so that we may define g;2(r) instead
of g(r) function here, and then the short dynamics can be de-
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scribed by the solute—solvent intermolecular potential v,(r)
and the static information g1,(r). The rate of decay becomes
faster as vj2(r) increases*? and one may observe sub-hundred
femtosecond response from the cage dynamics alone.

In this paper, we have employed the lattice-gas model.
This model has the parameter of the reference density and
we have employed two reasonable ways of fitting to deter-
mine the parameter. By the maximum time fitting, the short-
time dynamics is almost perfectly reproduced while the the-
oretical maximum height is 1.5 to 1.8 times of the MD one.
By the maximum height fitting, the theoretical decay time is
1.6 to 1.9 times of the MD one. Especially, the temperature
dependence of the decay time observed in MD is reproduced
well irrespective of the ways of fitting. These findings sug-
gest that our simple theory offers a solid starting point for the
future development. Note here that, at the current state of
the research, there has been no analytical theory to describe
the third-order off-resonant response on the molecular level.

The improvement of the inclusion of the multi-parti-
cle collision from the lattice-gas model is a challenging
problem. Several workers have been studying this impor-
tant issue in a somewhat different context,’>'® for exam-
ple, by the viral expansion* or by Kirkwood’s superposition
approximation.* We will work on this problem under the
novel framework proposed by one of the authors.*
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Appendix A: Derivation of Egs. 18—20
From the definition, ¢*?(0) can be expressed as
. drydr, 4 d
ey — N bl e /
0= ZJ <; d dr g, T )> v (AD)
r=r'=q;

If we note that the averages for the momentum space and the
coordinate space are independent, and that the weight function for
the momentum space averaging is even function of the velocity, we
have, for i/,

(0 09,) = [([00,] )+ ([0, )] v

where (vij)u and (v;), are the p-component of the velocities,
v;; = dg;;/dr and v; = dg;/dt, respectively. In addition, we can read-
ily show the law of equipartition,

(jon] )=
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in the canonical ensemble.”’ Using these two relations, we can
reduce the expression for C2(0) to

¢ = k:jf%; (Frr)) (A2)
where d
Fa(r,r') = Z —,F(r r'). (A3)
dry dr

From the definition of the dlstrlbutlon function, Eq. A2 reduces to
Eq. 18.
The three-particle contribution, C*¥(0), is given by

.. dry dr, d d
3) — 2: Z p Gy
0= </” dr dt dry > L
. =g =gy

ijk

If we note the relation for i #j, i#k, and j#k,

(), )y ) = < [(Vi)ﬂ]2> Suv,

we have

0= (Rt )

g r =g
T r=gijr' =g

which leads to Eq. 19.
The four-particle contribution, C**(0), becomes zero to give
Eq. 20 because of the relation,

<(v,-j)# (Vkl)v> =
where i, j, k, and [ are all different.

Appendix B: Expression with Regard to F(r, r’)

As is clear from the definition, Eq. 9 can be re-expressed as

Fr,r)= Zb’”(r)b Yo'y — %b(r)b(r'), (B1)
where
b (r) = ”‘ s
b (r) = }7 .
As also clear from Eq. A3, Fa(r, r’) can be re-expressed as
dlt (' db ('
F2(r7r/)=Z db]l (r) ( )71 db(r) (r)
ivp drp drp 349 drp dry
Especially, when r =/, from the relations,
db(r) 1r
—l =32
drp rtr
de' (r) u rﬂ rvr
(‘i'hrp = Ovp+ % -5 r” ,
we can show 10
Fy(r,r)= -

Appendix C: Analytical Expressions Calculated in the
Simulation

The correlation function is defined by Eq. 10 with Eq. B1. Thus,
introducing the macroscopic quantities,

q; (g} )
B,uvt 2y VYA i
n 0= 2,: a0

3
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;1
B(n)= ——
XJ: a; ()
we have

c= <Z B (B (0) - (1))

uv

B()B(0)
—5 )

Here we have used the notation where qg.(t) and g;;(t) are the u-
component and the magnitude of the vector g;;(¢). Since the third-
order response function is given by R(r) = — fdC(r) /dr, we calculate
dB!" (1)/dr and dB(t)/dt (see Eq. C1). Introducing the auxiliary

functions

O AO)
Br(=3y">" 1—5—21—7

ij .0 l/ (t)

i (g (1)

B ()= ’———" d

no ZJ: a3 (1)
(D gl ()

B =2
P 0=2 iG]

i

;v,-”,- QrAGN

we can write the derivatives in a compact way:

BO _ 3,0,
MUV
di'd‘[—(’—) =B 0+B" 5B (1),

Then the response function is given, through the auxiliary functions,
by

R(t) =

"y <Z [23?" (n —5B5° (t)} BYY (®)+ B (t)B(0)> (o))
po

In the simulation, we calculate the brackets defined in the right
hand-sides of Egs. C1 and C2 at the same time by using the positions
and velocities obtained from the final N-step MD run with the
periodic boundary condition (the minimum image convention) and
obtained R*(r) by taking the ratio of the brackets thus calculated.

Appendix D: Ensemble Dependence

In this appendix, we justify that we can use the microcanoni-
cal MD simulation to test our theory, which is constructed for the
canonical ensemble, for the time correlation function of polarizabil-
ity. The main issue here is the ensemble dependence of correlation
functions. We basically follow the original article by Lebowitz et
al.,” but emphasize somewhat subtle points which are not clearly
stated in the original article and standard textbooks (e.g. Ref. 26).
Some results with regard to higher-order correlation function might
have not been presented before, since they have become experi-
mentally available only recently.

We first show in a simple and novel way that the fluctuation of
extensive quantities scale as v/N where N is the total number of the
particles in the system. Another simple treatment can be found in
Section II of Ref. 39. Although we work in the quantum canonical
ensemble, it shall be clear that the result does not depend on the
choice of ensembles and on whether the system is a quantum or
classical one.

Extensive quantities O is of the order N, i.e., O(N): they may be
expressed as

N
0= o, (D)

where o; is the operator independent of N, i.e., of the order O(1). In
some case, o; may be expressed as
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N
Z (g.9)) ,
S

when v(g;, g;) approaches zero as |g; —g;|—oo sufficiently fast
so that the integral over g; exists. The generating function Wy is
introduced as

M = Tre PHHO, (D2)
The expectation value and the variance of O are given by
dw,
0)= ( -—) , (D3)
O)=\-3 .

a’w

2 {
<502> = <(0— (0)) >= ( e ) : (D4)

0

where the subscript O implies that the quantity is evaluated at J = 0.
(Here, the definition of the average (--) reduces to that in Eq. 2 or
Eq. D6 below in the classical limit.)

The N-dependence of the quantities is as follows: H,O, and W,
are of the order N, or O(N), while 8 and J are independent of N, or
O(1). Then, from Eq. D4, it is clear that (§0?) is of the order N
and the fluctuation scales as 1/(80%) /(0)x1/+/N. Along with the
same line, we can show

(80,60) 1
(0i0) N’

where O; is O(N)-variable which may be expressed as Eq. D1.
In general, n-th order cumulant or connected Green function can
be generated by

. & W
0,0, -0,) = | ———~ | ,
00,0 = ()

i
where Wyn is given by Eq. D2 but with JO replaced by f;JiO[.
i=i)

Egs. D3 and D4 are the examples of n =1 and n = 2, respectively.
By following the same line as above, we conclude that

(0405 0,,) x N,
that is, the cumulant of O(N)-variable generally scales as N.

Next, we consider the ensemble dependence of expectation value.
Although we work in the classical system, it shall be clear that
the treatment is almost the same in the quantum system. In the
microcanonical and canonical ensembles, expectations are given,
respectively, as follows,

fA]*(S(H[‘ Edr

A ﬁ”FdF

where I stands for the phase space of 6NN degrees of freedom. If
we expand {A ) g around

EOEEO(T)=<HI“>77

we have
_ d(Ar)E | S dZ(AF)E
<AF>E_<AF>EO+5E< dE 0+§(SE T 0.'....7
(D7)
where

SE=Hp — E,
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Here, the subscript 0 implies that the quantity is evaluated at E = Ey.
We empha31ze here that we have to interpret the derivative terms
such as (—L)o with great care when A - depends on Ej or 7.

Multiplying (A )z and B by e‘/jEfé(Hr—E)dF/fe_ﬂHfdf
and then integrating them over E, we obtain (Ar); and (Br),,
respectively. Here, B is a mechanical quantity dependent on I
Thus, applying this operation to Eq. D7, we have

Ar)y={Ar)g,+ % <(5E2>T <%ﬁ>o *

It is convenient to invert Eq. D8 to express (Ar)g, in terms of
(A )7 for the following discussion: we can replace (A ) in the
correction term, i.e., the second term on the right hand-side, by the
leading term, (A ) to have

(D)

<5E>szi‘L>T+..., (D9)

<AF>E(, <AF dE%

We emphasize here that, if Ay is dependent on Ey, the derivative
term in this equation is rather formal: it should be interpreted
carefully. From this relation, we see that, if the operator A is of
the order N, the difference of the two ensemble averages, i.e., the
second term in the right hand-side, is of the order N°, since Ey and
(8 E*) 7 are both the order of N: the difference becomes negligible in
the thermodynamic limit. Note, however, that this type of argument
on the order of terms becomes impossible to be justified when Ay
depends on Ey.%°

As we have emphasized, we have to use the above formula Eq. D9
with great care when Ap = (SE0 O; 550 O; where (550 0;,=0;,— <0i>EU'
(We note here that, none the less, we can derive the following
equation directly form Eq. D9, if we pay careful attention.) Instead,
we decompose the left hand-side, (9 g, 0i0k,0;)g, . as (0i0)) g, —
(0i)E,(0)), » and then we can use the formula with no special care

to have
3 (9F),

~ o), 54 )

We can replace the second (0;0;)r by (0;)(0;)r, since the
difference (070;670;)1 is smaller by the one order (in terms of
N). Here, 670; = O;—(0;)7. Thus we obtain

<6E()0 550 > <0! > <0 >T <0!>

d2 <0i0j>r d <0j>7'
(SE-onrig

- (6%, 400, 4Oy

(05,01 6,05, dE, dFE

= (8:0: 8:0;);
From this relation, we see that, if the operator O; and O; are of the
order N the difference of the two ensemble average, i.e., the second
term in the right hand-side, is of the same order, i.e., O(N), since
(0E,0i0E,0))g,. (670;6r0;)) 7, Eo, and (SE*)y are all the order
of N: the difference is not negligible even in the thermodynamic
limit.
In the same way, for the third-order cumulant, we have

(0:0,00);, = (0:0,00); = (SE)
d<0f>Td<0j>T d<0j>rd( >
X(“dEo——crEO—W* G dE O
S 00,0 )+

where O,(1/N) indicates the terms one order smaller than the other
explicitly-written terms in the parentheses. This relation shows
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that the correction term is larger than the third-order cumulant by
one order. Thus, the attempt to obtain a significant result from the
microcanonical MD is hopeless. In the same way, we can generally
show that we can not obtain the canonical cumulant of higher order
than two from the microcanonical MD simulation.

Although we only prove here the case between the canonical and
microcanonical ensembles, it shall be clear that the above state-
ment holds in the case between general ensembles. In general, we
can conclude that, if Ay is independent of state variables such as
E.T,PV.N, and u (i.e., O; is a purely mechanical quantity), the
correlation function of O;, such as {0;(1;)0;(t;)---Ox(t;)) (but not
the cumulant (Oi(t,-)Oj(t,-)~~~0k(t,-))"), does not show the ensemble
dependence in the thermodynamic limit.

Finally, we comment on how to determine Ey when we want to
have the result at the temperature 7. In the canonical ensemble, we
can show 3NkT/2 = (K),, while we have seen that (K), reduces
to (K)g, in the thermodynamic limit. Thus, we select Ey and run
MD so that the expectation of 2K/(3Nkg) from the MD run gives
the desired value, 7, i.e.,

Tk, =2<K>E(,/(3NkB)- (D10)
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